Abstract. We investigate how to create robust entangled states of ultracold atoms trapped in optical lattices by dynamically manipulating the shape of the lattice potential. We consider an additional potential (the superlattice) that allows both the splitting of each site into a double well potential, and the control of the height of potential barrier between sites. We use superlattice manipulations to perform entangling operations between neighbouring qubits encoded on the Zeeman levels of the atoms without having to perform transfers between the different vibrational states of the atoms. We show how to use superlattices to engineer robust many-body entangled states. Also, we present a method to realize a 2D resource for measurement-based quantum computing via Bell-pair measurements that is resilient to collective dephasing noise. We analyze measurement networks that allow the execution of quantum algorithms while maintaining the resilience properties of the system throughout the computation.
Introduction
The recent experimental realization of bosonic spinor condensates in optical lattices has opened up the possibility to exploit the spin degree of freedom for a wide range of applications [1, 2] . These systems have recently proved to be a promising candidate for quantum information processing purposes (see [3] and references therein), and there have already been proposals, e.g. for creating macroscopic entangled states [4, 5] , or the study of quantum magnetism [6] . In this paper, we consider the possibility of using optical superlattices to manipulate the spin degrees of freedom of the atoms and engineer many-body entangled states.
Superlattice setups allow the transformation of every site of the optical lattice into a double-well potential, and also the control of the potential barrier between sites [7, 8, 6] . Atoms with overlapping motional wave functions interact via cold collisions that coherently modify their spin, while conserving the total magnetization of the system [9, 10] . Thus, by splitting each lattice site into a double-well potential, two atoms occupying the same site become separated by a potential barrier, and the interactions between them is switched off. Similarly, interactions between atoms can be switched on again for a certain time by lowering the potential barrier between the two sides of the double-well. Therefore, superlattice manipulations offer the possibility to apply operations between large numbers of atoms in parallel. In this work, we propose to exploit this parallelism to engineer robust highly entangled states.
The process of splitting a Bose-Einstein condensate using a double-well potentials has already been studied in the context of mean-field theory [11, 12, 13] . In the first part of this paper, we will derive a two-mode effective Hamiltonian that allows an accurate description of the system as the superlattice is progressively turned on. Our approach differs from previous treatments of double well potentials (see e.g. Ref. [11] ), as the effective model we use is valid even for low barrier heights. We will use this effective Hamiltonian to analyze the process of splitting every site into a double-well potential starting with two atoms per site. We will show that this process creates a Bell state encoded on the Zeeman levels of the atoms in every site, each atom occupying one side of the double-well. These states being resilient to collective dephasing noise, we will use a lattice with a Bell pair in every site as a starting point to construct robust entangled states.
In the second part, we present a new method for implementing an entangling √ SWAP gate that does not require to transfer the atoms between different vibrational states. We will show that the application of this entangling gate between (or inside) Bell pairs allow the creation of robust many-body entangled states.
In the final part, we propose a method involving superlattice manipulations to create a 2D resource state for measurement-based quantum computating (MBQC). Since the realization of logical gates between non-neighbouring qubits is practically very difficult in optical lattices [14] , the one-way model for quantum computation is particularly relevant for these systems [15, 16, 17] . The resource state we propose to create is resilient to collective dephasing noise, which makes it less prone to decoherence than the usual cluster states. This paper is organised as follows. In Sec. 2 we derive an effective model for describing the dynamics of atoms within one site in the presence of a superlattice potential. In Sec. 3, starting with a lattice where every site contains two atoms of opposite spin, we show how to create a Bell pair in each site by splitting it using a superlattice potential. In Sec. 4, we present how to perform a gate between two neighbouring qubits by manipulating the superlattice potential, and in Sec. 5 and Sec. 6 we show how to use this gate to create robust many-body entangled states. Finally, in Sec. 7 we propose a method for creating a resource for MBQC via Bell-pair measurements and provide measurements network to implement a universal set of gates. We conclude in Sec. 8.
Model
We consider a gas of ultracold alkali atoms loaded into a deep optical lattice. The atoms are assumed to be bosons initialized in the f = 1 hyperfine manifold [2] . The lattice potential is given by V OL (r, s, θ) = V T [sin 2 (πz/a) + sin 2 (πy/a) + V S (x, s, θ)] where V T is the depth of the potential and
The depth of the potential will be given in units of the recoil energy E R = 2 π 2 /(2Ma 2 ) where M is the mass of the atoms. The parameter s ∈ [0, 1] is determined by the relative intensities of the two pairs of lasers. The constant a correspond to the size of a unit cell when s = 0 (see Fig. 1a ). We will refer to unit cells when s = 0 as to lattice sites. Changing the value of s from 0 to 1 transforms each site into a double well potential. We will refer to each side of this double well potential when s = 1 as to a subsite. The angle θ allows for the manipulation of the potential barrier inside each site (θ = 0) or between sites (θ = π/2). A few lattice profiles corresponding to different parameters s and θ are shown in Fig. 1 . In the following, we will refer to the lattice profiles corresponding to the values of s ≈ 0 and s ≈ 1 as to the large and small lattice limits, respectively.
We assume that the hopping between sites and subsites can be neglected in both limits. This implies that the lattice has to be very deep, since the tunneling time in a lattice of depth V T with period a/2 is roughly ∼ 4 exp( V T /E R ) times shorter than in a lattice with period a [18] .
The Hamiltonian of the system is given bŷ
whereĤ K describes the kinetic energy,Ĥ Z is the Zeeman term, andĤ int describes the interactions between particles. These terms are defined by [19, 20] 
where c 0 = 4π 2 (2a 2 + a 0 )/(3M) and c 2 = 4π 2 (a 2 − a 0 )/(3M) with a F the swave scattering length of the channel associated with the total angular momentum F , h 0 = (− 2 ∇ 2 /2M)+V OL (r, s, θ) and ∆E Z,σ (B) is the energy shift caused by the Zeeman effect in the presence of a magnetic field B = (0, 0, B) oriented in the z-direction. The operatorÂ F m F (r) is given bŷ
where |f 1 , m 1 ; f 2 , m 2 = |f 1 , m 1 ⊗ |f 2 , m 2 and F, m F |f 1 , m 1 ; f 2 , m 2 is a ClebschGordan coefficient.
In Appendix A, we derive the effective Hamiltonian describing the dynamics of the atoms at one site using the field operator
is the operator that creates a particle with spin |f = 1, m f = σ (σ = {−1, 0, 1} denotes the Zeeman level) in a motional state associated with the symmetric 
We will see in the next section that the inclusion of a second motional mode in the Hamiltonian allows an accurate description of the system's dynamics in both the large and the small lattice limit [21] . A more detailed explanation of the interaction term (5), as well as the full Hamiltonian of the system in terms of creation (annihilation) operators can be found in Appendix A.
Creation of a Bell state on every lattice site
In this section, we use the effective Hamiltonian introduced in the previous section to show how to generate a lattice where every site contains a Bell state encoded on the Zeeman levels of the atoms. This procedure will be used as a preliminary step to engineer several types of many-body entangled states.
We start with a deep optical lattice in the large lattice limit (LLL) and two atoms per lattice site in the state
where S is the symmetrization operator. In general, the two atoms can undergo spinchanging collisions coupling to various hyperfine levels. To implement qubits on the Zeeman levels, it is necessary to limit the spin dynamics to two hyperfine states. One way to achieve this is to exploit the conservation of angular momentum and choose two states such as |f = 2, m f = +2 and |f = 1, m f = +1 , which are not coupled to any other hyperfine states by the interatomic interaction. An accidental degeneracy in 87 Rb offers yet another possible route: since the two s-wave scattering lengths a 0 and a 2 are almost equal, transitions between the state |f 1 = 1, m 1 = 0; f 2 = 1, m 2 = 0 and states where particles have opposite spins occur on a time scale (c 0 + c 2 )/c 2 ≈ 3a 2 /(a 2 − a 0 ) ≈ 300 times slower than any other allowed transition. Hence, after initializing the system at time t = 0 in state (8), we can limit our dynamical description to transitions between states with opposite spins, as long as the manipulations we are about to propose happen on a faster time scale than this transition. We note that the preparation of the state (8) has already been experimentally achieved [10, 2] .
The first step in our proposal consists of raising the superlattice potential, i.e. changing the lattice parameter s(t) smoothly as a function of time from the LLL at time t = 0 to the small lattice limit (SLL) at some time t = T . Once the superlattice is fully ramped up, each site is split in two, atoms no longer interact with each other and their spin state remains frozen in time.
The shape of the mode functions w a (r) and w b (r) depends on the lattice parameter. In the LLL, they correspond to the ground and first excited state of each lattice site. However, as the lattice parameter s approaches the SLL, the mode functions transform into the symmetric and anti-symmetric superpositions
the Hamiltonian of the system reads (see Appendix A)
is the sum of the single-particle energies,
2 and γ ↑↓ = c 0 − c 2 is the generalized on-site interaction, J ↑↓ = (V a −V b )/2+γ ↑↓ (U aa −U bb )/4 the generalized tunneling matrix element between the two sides of the well, and χ ↑↓ = γ ↑↓ (U aa +U bb −2U ab )/4 corresponds to the density-density interaction energy between the two sides of the double-well. The latter is proportional to the overlap between the functions ϕ L (r) and ϕ R (r). It cancels in the small lattice limit as a consequence of the localization of the mode functions ϕ L (r) and ϕ R (r) inside each subsite. Also, by applying the transformations (9) on the Hamiltonian (2), we recover the usual one-mode Bose-Hubbard Hamiltonian for two sites in the SLL [21] .
Our two-mode model does not only describe the system well in both limits, it also takes into account the effects of density-density interactions between two subsites when the potential barrier between them is still not fully ramped up. This property makes it particularly valuable for the study of the system dynamics between the two limits.
In the SLL, the Hamiltonian (11) reduces (up to the energy shift E) tô
where
4 is the on-site interaction [21] . For zero tunneling J = 0, the HamiltonianĤ SLL ↑↓ has two degenerate ground states: | ↑, ↓ and | ↓, ↑ . This degenercy is lifted at finite J where the symmetric superposition
is the ground and the antisymmetric superposition the first excited state. These two low-lying energy levels with an energy splitting of 4J 2 /U ↑↓ are separated from the other excited states by the interaction energy U ↑↓ .
We have carried out a numerical simulation of the splitting dynamics via exact diagonalization of the Hamiltonian (2). For the parameters considered, we find that using the ramp s(t) = sin 2 [t/(2T )], the anti-fidelity 1 − F with F = | ψ|ψ 0 | 2 between the state |ψ of the system at the end of the ramp and the Bell state (13) reaches 1 − F ≈ 10 −3 for a quench time of T ∼ 2 ms (see Fig. 2 ). It is expected that better fidelity can be obtained for larger values of U ↑↓ [22] . This observation makes our scheme relevant for current experimental setups.
Thus, changing the topology of the optical lattice from the LLL to the SLL drives the state of the atoms within each lattice site from (8) to the maximally entangled Bell state (13) . Non-adiabatic transitions to excited states are suppressed by opposite parity in the case of the first excited state and by the on-site interaction U ↑↓ in the case of the other excited states. After this first step has been completed, a system of initially N sites contains k = 2N subsites and its state is given by a tensor product of Bell pairs
Remarkably, the system in state (14) is resilient to dephasing noise for a magnetic field slowly varying over a distance of one lattice site.
Implementation of an entangling gate
Since the interactions between two atoms depend on the overlap between their wave functions, they can dynamically switched on and off by lowering and raising the potential barrier between the two subsites. This is done by varying the lattice parameter s from s = 1 at time t = 0 to s = 1 − η and back to s = 1 at time t = τ . In the SLL, wherẽ J ↑↓ /Ũ ↑↓ ≪ 1, tunneling can be treated perturbatively, and the Hamiltonian (11) can be projected onto the subspace of singly-occupied sites.
We distinguish two cases: either the neighbouring subsites are occupied by atoms with opposite or equal spins. For two atoms with opposite spins, we can use Eq. (11) and the effective Hamiltonian in the basis | ↑, ↓ and | ↓, ↑ reads (up to a constant energy shift) in second-order perturbation theorŷ
Since the effective Hamiltonian commutes with itself at different times, we obtain the following analytical expression for the time evolution operator
where the phase φ is given by
For atoms with equal spins σ = {↑, ↓} we start by writing down the basis states as
in which the Hamiltonian readŝ
where γ σσ = c 0 + c 2 is the interaction constant for particles with equal spin σ, E σσ = V a + V b ± E Z the sum of single-particle energies, E Z = −gµ B Bτ /2 the Zeeman energy shift in the first order,J σσ = (V a − V b )/ √ 2 + γ σσ (U aa − U bb )/4 the generalized tunneling matrix element,Ũ σσ = γ σσ (U aa + U bb + 6U ab )/4 the generalized onsite interaction and χ σσ = γ σσ (U aa +U bb −2U ab )/4 the off-site density-density interaction.
In the SLL this reduces (up to the energy shift ofẼ σσ ) tô
For the state |σ, σ there are no other low-energy states accessable, so that it acquires only the phase factor e iκ during the sweep. In second-order perturbation theory we find
SinceJ ↑↓ → −J,J σσ → − √ 2J and γ ↑↓ /γ σσ = (c 0 − c 2 )/(c 0 + c 2 ) ≈ 1, we get κ ≈ 2φ. Putting the results of this section together we find that lowering and raising the potential barrier between two subsites n and n + 1 implements the two-qubit gateÛ
where |ij = |i n ⊗ |j n+1 with |1 n =ĉ † n,↑ |vac and
are the creation operators of a particle at subsite n with spin ↓ and ↑, respectively. The calculation of the angle φ(τ ) has been carried out numerically via exact diagonalization of the full Hamiltonian (2) for a system of 87 Rb atoms, V T = 60E R and η = 0.3. For the parameters considered and switching times τ up to tens of milliseconds, we find that the time evolution operator of the system is accurately approximated by Eq. (22) . For longer times τ the operatorÛ becomes non-unitary due to slow transitions to the state where the two particles have spins σ = 0 as expected.
Since the application of the gateÛ is realized in parallel on all qubits in the xdirection, the phase due to the Zeeman shift in the first order in B cancels for systems with an equal number of atoms in the σ = +1 and σ = −1 state. For such systems, we find that for ramping times τ such that φ(τ ) = {π/4, π/2, 3π/4}, lattice manipulations realize the gates (in the usual computational basis) [23] 
Together with single-qubit rotations, the √ SWAP gate constitutes a universal set of gates for quantum computations.
In the remainder of this paper we will show that, using a lattice of Bell pairs as a starting point, this gate ‡ can be used to create both robust entangled states and even a new resource state for MBQC. (29) was calculated by partitioning the system in equal parts, which yields the maximum possible Schmidt rank.
Creation and detection of a state with a tunable amount of entanglement
Depending on whether the lattice parameter θ is set to θ = 0 or θ = π/2, the gate U φ in Eq. (22) is applied between neighbouring subsites inside or between lattice sites, respectively. Up to an irrelevant global phase, these operations read
Using this notation, we define a knitting operator bŷ
Starting from a lattice of Bell pairs, the state resulting from Γ successive applications of the operatorK(Û π 4 ) on the state (14) is denoted by
In Fig. 3 , we have plotted the Schmidt measure P L s of the state (29) for up to k = 20 qubits and partitions of size L = 10 as a function of Γ [27, 15] . We find that the Schmidt rank of the state is directly proportional to Γ, i.e. applying the entangling knitting operator (28) first connects the initial Bell pairs and then further increases the entanglement content of the state. The largest possible Schmidt measure ‡ In the context of optical lattices, different methods to implement this gate have been put forward for different encodings of the logical qubits [24, 25, 26] . Recently, a √ SWAP gate between qubits encoded on the internal spin state of the atoms was realized experimentally by manipulating both the spin and motional degrees of freedom of the atoms by means of optical superlattices [3] . (14) for (a) Γ = 1 and (b) Γ = 7. After Γ = 7 applications of the knitting operator, the state is maximally entangled.
is reached after Γ = N/2 applications of the operator (28) . Once that the maximum value for the Schmidt measure is reached, it remains unaffected by further applications of the operator (28) . We note that since the operatorÛ conserves the total number of spins, the state (29) is resilient to collective dephasing noise. Recent experimental results suggest that resilience to this type of noise increases the decoherence time of the system [3] .
Since the application of the gateK(Û π
4
) affects the density correlations in the lattice, its effect on the system can be observed experimentally via state-selective measurement of the quasi-momentum distribution (QMD) of atoms with spin up [28, 3] 
As an illustration, we have plotted in Fig. 4 the QMD of a system of k = 14 atoms after Γ = 1 and Γ = 7 applications of the operatorK(Û π 4 ) on the state (14) . Hence, starting from a lattice of Bell pairs, superlattice manipulations allow the creation of an entangled state with a tunable schmidt rank that has a distinct experimental signature and is resilient to collective dephasing noise. These properties make this state suitable for experimental studies of many-body entanglement.
Creation of maximally persistent entangled states
Together with site-selective single-qubit operations applied in parallel on every second atom, superlattice manipulations can be used to implement the entangling phase-gate operationĈ the lattice. A proposal for realizing arbitrary single-qubit gates on individual atoms in an optical lattice can be found in Ref. [29] . Notice that the single-qubit operations required to implement the gate (31) between sites can be performed in parallel, and so each site need not be addressed separately. The implementation of a phase gate directly followed by a SWAP gate
is accomplished by adjusting the switching time τ of the last gate. The operation (32) is equivalent to (SWAP)Ĉ Z up to the unitary transformation Ẑ ⊗ Ẑ . We have found that k/2 successive applications of the operatorK((SWAP)Ĉ Z ) on the state |+ ⊗k (|± = (|0 ± |1 )/ √ 2) create a complete graph state |K N . Complete graphs have the property that each vortex is connected to all the vortices of the graph, i.e. a complete graph of k vortices contains k(k − 1)/2 edges. Complete graph states are equivalent to the maximally entangled state |GHZ = (|0 ⊗k + |1 ⊗k )/ √ 2 up to local operations and classical communication (LOCC). They do not constitute a resource for MBQC, but have the desirable property that they are maximally persistent [30, 15] . A complete graph state is represented in Fig. 5a . Using this representation, it is easy to see that complete graph states are maximally persistent, i.e. k − 1 measurements are required to completely disentangle them.
Superlattice manipulations alone allow the realization of a maximally entangled, maximally persistent state that is also resilient to collective dephasing noise. Indeed, the state
resulting from the k − 1 successive applications of the operator (25) between and inside each site creates a maximally entangled state with a structure similar to a complete graph state (see Fig. 5 ). Via numerical calculations for k = {4, 6, 8} qubits, we have found that it is equivalent to a complete graph state of the same size up to local unitary operations, i.e.
The robustness of this state, and its symmetry properties make it a good candidate for the improvement of the sensitivity of quantum spectroscopic measurements in noisy environments (see Ref. [31] ).
Novel resource for MBQC
In this section we will show how to create a state useful for MBQC via the application of theĈ Z gate via lattice manipulations in both the x and y direction. In order to demonstrate the universality of this resource for MBQC, we will employ the method recently developed by Gross and Eisert in Ref. [32, 33] , which connects the matrix product representation (MPR) of a state with its computational power. A review of the basics concepts presented in Ref. [32] can be found in Appendix B.
The MPR for a chain of k systems of dimension d = 2 (qubits) is given by
It is specified by a set of 2k D × D-matrices, which we will refer to as the correlation matrices, and two D-dimensional vectors |L and |R representing boundary conditions. The parameter D is proportional to the amount of correlation between two consecutive blocks of the chain. Notice that the right boundary condition vector |R appears on the left. This choice improves the clarity of calculations later when we will use the graphical notation explained in Appendix B.2.
Starting from a lattice of Bell pairs, we find that the state resulting from the application of the gateÛ bet (Ĉ Z ) on the state |Φ
Here, each atom is labelled from 1 to k, and the correlation matricesÂ
are associated with odd and even atoms, respectively. Equivalently, it can be written as
In this representations, each site is labelled from 1 to N and the correlation matrixĈ
is associated with a pair of atoms. The measurement of odd and even atoms in the Xeigenbasis B X = {|± = (|0 ± |1 )/ √ 2} on the state (36) projects the auxiliary matrix associated with the measured atom onto the eigenstate (|0 +(−1) s |1 )/ √ 2 depending on the measurement outcome s (see Eq. (B.2) in Appendix B). In the graphical notation, this implements the operations
for odd and even atoms, respectively. Here, the operatorĤ is the Hadamard gate andX the Pauli-X matrix [23] . Similarly, measurements in the φ-eigenbasis
whereŜ(φ) = diag(1, e iφ ) in the usual computational basis. Also, we find that since the measurement of the ith and (i + 1)th atoms (i odd) in the Bell basis has only two possible outcomes, we have
where the measurement eigenbases are given by BX = {(|0 ± e iφ |1 )/ √ 2} and Bφ = {(|0 ± e iφ |1 )/ √ 2}, respectively. Since any single-qubit gate can be decomposed into Euler angles, i.e.
the application of one of the following sequence of measurements
on the state (36) realize arbitrary qubit gates, up to a known by-product operatorÛ Σ . For instance, applying the measurement sequence (49) with measurement outcomes s = (1, 0, 0, 0, 1, 1), where s i denotes the outcome of X i or φ i , implements the operation U ΣÛrot (φ 2 , φ 3 , φ 5 ) withÛ Σ =ĤẐX on the state of the correlation space. Similarly, the measurement sequence (50) with outcomes s = (0, 0, 1, 0) implements the operation U ΣÛrot (φ 2 , φ 3 , φ 4 ) withÛ Σ =ẐXẐ. Although both measurement sequences (49) and (50) preserve the system's immunity to collective dephasing, less measurements are required using the sequence (49). The state of the correlation space can be read-out using a scheme described in Appendix B.
Superlattice manipulations can also be used to engineer 2D systems. In the remainder of this section, we will consider the MPR of the 2D state |ψ 2D resulting from the coupling of 1D systems in the state (36) via the application of aĈ Z gate between even subsites § in the y-direction (see Fig. 6 ). The MPR of this state is given by
Also, the expansion coefficients of |ψ 2D are represented by
where |U = |0 and |D = |+ . This state is formally similar to a cluster state where qubits are encoded on two atoms and the |+ state corresponds to the Bell state (13) . Although the application of theĈ Z gate between sites in the y-direction implements the same operation between encoded qubits, it corresponds to a different operation between encoded qubits in the xdirection. Therefore, it is not possible to execute algorithms designed for cluster states using the state |ψ 2D as a resource by simply interchanging, e.g. X measurements with Bell-pair measurementsX . § See e.g. Refs. [34, 3] for relevant 2D superlattice setups A similar state was proposed in Ref. [35] as a novel resource for MBQC in a decoherence free subspace.
In the remainder of this section, we will show that |ψ 2D constitute a universal resource for MBQC by presenting how to control information flows through the lattice, and by providing a measurement network that implements an entangling two-qubit gate.
Since the tensors of Eqs. (51) and (52) factor, they can be represented graphically by
Using this representation and Eqs. (51) and (52), we find that
Thus, measurements in the basis BX cause the information to flow from left to right, and measurements of the vertically adjacent sites in the BZ basis shields the information from the rest of the lattice [32] . Since we can isolate horizontal lines, they can be used as logical qubits. An entangling two-qubit gate between two horizontal lines is realized as follows. Consider the following measurement network [32] 
where the middle site is measured in the basis BȲ = {(|0 ± i|1 )/ √ 2} and c ∈ {0, 1}. The lower part of the network reduces to
In addition to the fact that in our case computations are processed in the auxiliary space and not in the physical space, our proposal differs from Ref. [35] because in our case every atom can be measured to convey information. The resource we propose allows the implementation of quantum algorithms with less measurements and is thus more economical. Its realization is also less challenging, as it requires lattice manipulations in the x-y plane only.
Plugging (57) into the middle line yields
Finally, plugging (58) into the upper of the network gives
. Thus, the measurement network (56) implements an entangling controlled-phase gate between the upper and lower horizontal lines up to a know by-product operator. Since arbitrary single-qubit gates can be applied on each horizontal lines independently, this completes the proof of universality. The way of dealing with by-product operators at the end of the measurement sequences does not differ from the usual MBQC scheme with cluster states (see e.g. [17] ). Notice that since single and two-qubit gates are performed via the application of pairwise measurements, the system remains invariant to collective dephasing at any time during the execution of an algorithm.
Summary
Using superlattice manipulations, we have shown how to create a lattice with a Bell pair in every site and proposed a scheme that allows the application of an entangling √ SWAP gates between and inside Bell pairs. The successive application of this gate between and inside lattice sites was shown to create a robust entangled state with a tunable Schmidt rank, and a maximally persistent entangled state which is locally equivalent to a complete graph state. Finally, we have presented a state that is obtained by connecting Bell pairs in two dimensions via an entangling phase gate, and shown that it constitutes a resource for MBQC. We have provided measurement networks for implementing a twoqubits entangling gate as well as arbitrary local unitary operations. Our implementation has the advantage that it allows the execution of quantum algorithms leaving the system unaffected by collective dephasing noise.
Appendix A. The full Hamiltonian
Using the field operator (7), the single-particle terms of the Hamiltonian (2) in second quantized form are given bŷ
where V ν = dr w * ν (r)ĥ 0 w ν (r). Assuming that the magnetic field is weak (B < 200 G), the Zeeman shift ∆E Z,σ (B) is accurately approximated to the second order in B [36] 
where g is the gyromagnetic factor, ∆E hf is the hyperfine splitting energy, and µ B is the Bohr magneton. In the low-energy limit, atomic interactions are well approximated by s-wave scattering, with the scattering length depending on the spin state of the colliding atoms. At ultracold temperatures, two colliding atoms in the lower hyperfine level f low will remain in the same multiplet, since the interaction process is not energetic enough to promote either atom to a higher hyperfine level f high [9] . Also, since alkalis have only two hyperfine multiplets, the conservation of the total angular momentum by the scattering process implies that interatomic interactions conserve the hyperfine spin f 1 and f 2 of the individual atoms. Thus, the interaction between two particles located at positions r 1 and r 2 is given by [9, 19, 37] V int (r 1 − r 2 ) = 4π
where F = f 1 + f 2 is the total angular momentum of the scattered pair,P F is the projection operator for the total angular momentum F , and a F is the s-wave scattering length of the channel associated with the total angular momentum F . The operator P F is given by [37] P F = ) is the total angular momentum operator of the particle i, the interaction operator can be re-written as [9, 38] V int (r 1 − r 2 ) = δ(r 1 − r 2 ) c 0 + c 2f1 ·f 2 .
(A.5)
From Eq. (A.5) we see that interactions conserve the quantum number m F [36, 39] . Using the field operator (7), the interaction term in second quantized form readŝ Hence, the probability of obtaining the result 1 for a measurement on the (i − 1)th site is zero. Consequently, if the state of the correlation system is in state |0 after the ith site, then the (i − 1)th physical site must also be in that state. Since the same observation applies if one measures the (i − 2)th and (i − 1)th sites (i odd) in the basis BZ = {|0 , |1 }. Therefore, as a similar argument applies if the state of the correlation system is in the state |1 after the ith site, the description of the read-out scheme is complete.
